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ABSTRACT :  

I presented some results for positive solutions of a system of higher-order non-linear ordinary 
differential equations, subject to multi-point boundary conditions and also established the existence of at least 
one and two positive solutions for the system of higher order boundary value problem by using the 
Krasnosel’skii fixed point theorem.  
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1. INTRODUCTION 

Boundary value problems (BVPs) respresent a important role in many fields of engineering design 
and manufacturing. Most of established industries such as the automobile, aerospace, chemical, 
pharmaceutical, petroleum, electronics and communications, as well as emerg-ing technologies such as 
nanotechnology and biotechnology rely on the BVPs to simulate complex phenomena at different scales for 
design and manufactures of high-technology products. In these applied settings, positive solutions are 
meaningful [1,9,13,21]. Due to their important role in both theory and applications, the BVPs have generated 
a great deal of interest in recent years. 

It should be pointed out that Eloe and Henderson [6] discussed the boundary value problem 
 

  
 u(n)(t) + a(t) f (u(t)) = 0,  0 < t < 1, 

 u(i )(0) = u(n−2)(1) = 0,   0 ≤ i ≤ n − 2. 
 
 By using Krasnoselskii’s fixed point theorem, the existence of solutions are obtained in the case 
when, either f is superlinear, or f is sublinear. Yang and Sun [22] considered the boundary value problem of 
the system of equations 
 
 − u__ =  f (t, v), −v__ = g(t, u),  u(0) = u(1) = 0,    v(0) = v(1) = 0 
 

By appealing to the degree theory, the existence of solutions are established. Note that, there is only 
one differential equation in [6] and the BVP in [22] contains simple boundary conditions. 

In this paper, we shall consider the nonlinear system of differential equations,s 
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satisfying the two-point boundary conditions 
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where m, n ≥ 2, and fi : [a, b] × 2� → �  for i = 1, 2 are continuous. 
By using the cone theory techniques, we establish some sufficient conditions for the existence results 

of positive solutions to the BVP (1.1) and (1.2). The rest of the paper is organized as follows. In Section 2, we 
prove some inequalities for Green’s function, which are needed later. In Section 3, we obtain the existence of 
a solution for the BVP (1.1) and (1.2), due to Schauder fixed point theorem. Criteria for the existence of one 
and two positive solutions of the BVP (1.1) and (1.2) are established in Section 4, using the Guo–
Krasnosel’skii fixed point theorem. 
 
2. The Green’s function and bounds 

In this section, we construct the Green’s function for the homogeneous boundary value problem 
corresponding to the BVP (1.1) and (1.2) by using Cauchy function concept. And then we prove some 
inequalities on bounds of the Green’s function which are needed later. 

To obtain a solution y(t) = (y1(t), y2(t)) of the BVP (1.1) and (1.2), we let Gl (t, s), (l ≥ 2) be the 
Green’s function for the boundary value problem, 

 
    0, ,ly t a b        (2.1) 

     0, 0 2,iy a i l        (2.2) 

    1
10, 1 1,jy b j l     but fixed.  (2.3)   

 
Using the Cauchy function concept Gl (t, s) is given by 
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Lemma 2.1. For (t, s) ∈  [a, b] × [a, b], we have 
 
 Gl (t, s) ≤ Gl (b, s).     (2.4) 
Proof.  For a ≤ t ≤ s ≤ b, we have 
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  =  Gl(b,s). 
 
Similarly, for a ≤ s ≤ t ≤ b, we have 
 
  Gl (t, s) ≤ Gl (b, s). 
 
Thus, we have 
 
  Gl (t, s) ≤ Gl (b, s), for all (t, s)   [a, b] x [a, b] 
 
 

Lemma 2.2. Let 
3 3,

4 4
a b a bI      

. For  (t, s)   I x [a, b], we have  
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Proof. The Green’s function Gl (t, s) for the BVP (2.1) and (2.3) clearly satisfies that 
 
  Gl (t, s) > 0 on (a, b) × (a, b). 
 
For a ≤ t ≤ s ≤ b and t ∈  I , we have 
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Similarly, for a ≤ s ≤ t≤ b and t ∈  I we have 
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Remark 2.1. 
 
  Gn (t, s) ≥ γ Gn (b, s) and Gm (t, s) ≥ γ Gm (b, s), 
 

for all (t, s) ∈ I × [a, b], where γ  = min 1 1

1 1,
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3. EXISTENCE OF SOLUTION 

In this section, we impose growth conditions on f1 and f2 which allows us to apply the Schauder fixed 
point theorem to establish an existence result for solution of the BVP (1.1)and (1.2). 
 Let E = {y : y ∈ C[a, b]} with the norm ||y||0 = maxt∈[a,b]{|y(t)|}. Let B = E × E and for (y1, y2) ∈ B, we 
denote the norm by ||(y1, y2)|| = ||y1||0 + ||y2||0, then B is a Banach space.  
Let us take 
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Theorem 3.1. Assume that the functions fi(t, y1, y2) for i = 1, 2 are continuous with respect to (y1, y2) 2 �  . If 
M satisfies. 
 
 Q M  
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then the BVP (1.1) and (1.2) has a solution. 
 

Proof. Let P = {(y1, y2) ∈ B : ||(y1, y2)|| ≤ M}. Note that P is a closed, bounded and convex subset of B 
to which the Schauder fixed point theorem is applicable. 
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Define T : P → B by 
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for t ∈ [a, b]. Obviously the solution of the BVP (1.1) and (1.2) is the fixed point of operator T . It can 

be shown that T : P → B is continuous. 
 
We claim that T : P → P. Let (y1, y2) ∈ P. By using Lemma 2.1, we get 
 

 ||T (y1, y2)|| = ||Tm (y1, y2)||0 + ||Tn (y1, y2)||0 
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Thus we have  
 
  1 2, ,T y y M   
   
where M satisfies Q ≤ M . 

It can be shown that T : P → P is a compact operator by the Arzela-Ascoli theorem. Hence T has a 
fixed point in P by the Schauder fixed point theorem. 

Therefore the BVP (1.1) and (1.2) has a solution. 
 
Theorem 3.2. If the functions fi (t, y1, y2), for i = 1, 2 are continuous and bounded on [a, b] × 2� , then the 
BVP (1.1) and (1.2) has a solution. 
 
Proof. Since the function f (t, y1, y2) is bounded, it has a supremum for t ∈ [a, b] and (y1, y2) ∈ 2� . Let us 
choose P > sup{| f1(t, y1, y2)|, | f2(t, y1, y2)| : t ∈ [a, b]}. Pick M large enough such that 
 
  P < ∈ M, 
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.  Then there is a number Q > 0 such that           P > Q, where 
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and thus the BVP (1.1) and (1.2) has a solution by Theorem 3.1. 
 
4. EXISTENCE OF POSITIVE SOLUTIONS 

In this section, we consider the existence of at least one and two positive solutions for the system of 
BVP (1.1) and (1.2). We also assume throughout this section that f1,2 : [a, b] × 2�  → [0, ∞) are continuous 
and 
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exist. 

To prove the existence of at least one and two positive solutions of the BVP (1.1) and (1.2), we will 
use the following theorem which can be found in Krasnoselskii’s book [18] and in Deimling’s book [5]. 

 
Theorem 4.1. Let B be a Banach space, P ⊆ B be a cone, and suppose that 1 2,   are open subsets of B with 

0 1  and 1  2   . Suppose further that  2 1: \T P P    is completely continuous operator such 

that either. 
 
(i) 1|| || || ||,Tu u u P    and  2|| || || ||, ,Tu u u P     
(ii)  1|| || || ||,Tu u u P    and  2|| || || ||,Tu u u P    

Holds. Then T has a fixed point in  2 1\P    

 
Theorem 4.2. The BVP (1.1) and (1.2) has at least one positive solution in the case 
 
(i) f1

0 =  f20 = 0 and f1
∞ = ∞ or f2

∞ = ∞ (or) (superlinear), 
(ii) f1

∞ =  f2
∞ = 0 and f10 = ∞ or f2

0 = ∞ (sublinear). 
 
Proof. We consider the Banach space B  =  E × E where   : ,E y y C a b   with the norm 

    ,0
max t a by y t and  for (y1, y2)   B, we denote the norm by ||(y1, y2)|| = ||y1||0 + ||y2||0. Then define 

a cone P in B by 
 
       1 2 1 2, : 0, 0P y y B y t y t     and     1 2max

t I
y t y t


  

            1 2,y y  

 
For convenience, we denote 
 

       1 2 1 1 2, , , , ,
b

n na
T y y t G t s f s y y ds   
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for t ∈ [a, b] and the operator 
 
  T (y1, y2)(t) = (Tn (y1, y2)(t), Tm (y1, y2)(t)). 
 
We now show that T : P → P. 
 
First note that (y1, y2) ∈ P implies that Tn (y1, y2)(t) ≥ 0 and Tm (y1, y2)(t) ≥ 0 on [a, b] and 
 
        1 2 1 2min , ,n mt I

T y y t T y y t
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  
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, ,n mT y y T y y   

 

   1 2,T y y  

 
Also 

 ||T (y1, y2)(ω)|| ≥ 
b

a  Gn (ω, s) f1(s, y1, y2)ds +   
b

a Gm (ω, s) f2(s, y1, y2)ds 

 
 ≥ γ ||Tn (y1, y2)||0 + γ ||Tm (y1, y2)||0 
 
 = γ ||T (y1, y2)||. 
 
Hence T (y1, y2) ∈ P and so T : P → P which is what we want to prove. Therefore T is completely continuous. 
 
(i) Since f1

0 = f20 = 0, there exists H1 > 0 so that  
 
fi (t, y1, y2) < ∈ (y1 + y2),  i = 1, 2 
 

Whenever y1+y2 < H1, where 
 
1

2 max ,n mc c
  

 
Let 1  = {(y1, y2) : (y1, y2) ∈ E, ||(y1, y2)|| < H1}. Then for (y1, y2) ∈ P ∩ ∂ 1  and t ∈ [a, b], we have 
 

  Tn (y1, y2)(t) = 1 1 2 ( ,  ) ( ,  ,  )d
b
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   1 2 ( ,  ) (  )d
b
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Therefore for all   1 2 1,y y P   and  ,t a b , we get 
 
       1 2 1 2 1 2, , , ,n mT y y T y y T y y  

 
       1 2 1 2 1 20 0

, , ,n mT y y T y y y y   . 

 
Further since 1f

   , there exists 2 0H  so that    1 1 2 1 2, ,f t y y y y   whenever y1+y2> 2H  

where 0   is chosen such that 
 

   0 , 1n
s I

G t s ds


  

If we define H2  = 2
1max 2 , HH


 
 
 

  and       2 1 2 1 2 1 2 2, : , ,|| ||y y y y E y y H     , 

 
then for (y1, y2) ∈ P ∩ ∂ 2 , we have 
 
       1 2 1 2 2 2min ,

t I
y t y t y y H H 


     

 
And 
 
 ||T (y1, y2)|| = ||Tn (y1, y2)||0 + ||Tm (y1, y2)||0 
 
  ≥ ||Tn (y1, y2)||0 
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
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   0 1 2 ( ,  ) (  ) dns I
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
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   1 2 0,  ( ,  )dns I
y y G t s s


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   1 2 2, ,y y H   

 
and so ||T (y1, y2)|| ≥ ||(y1, y2)|| for all (y1, y2) ∈ P ∩ ∂ 2 . 
 

Consequently, by part (i) of Theorem 4.1, it follows that T has a fixed point (y1, y2) in  2 1\P    
and this implies that the BVP (1.1) and (1.2) has a positive solution (y1, y2)  

which satisfies H1  ||(y1, y2)|| H2. 
 

(ii) Since f1
0 = ∞, there exists H1 > 0 so that  

 
 f1(t, y1, y2) ≥ ζ (y1 + y2), 
 
Whenever y1 + y2 < H1, where ζ >0 is chosen such that  
 
  0 ( ,  )d   1.n

s I

G t s s


  

 
Let 1  = {(y1, y2) : (y1, y2) ∈ E, ||(y1, y2)|| < H1},  then for  (y1, y2) ∈ P ∩ ∂ 1   and t ∈ [a, b], 
we have  
 
  ||T (y1, y2)|| = ||Tn (y1, y2)||0 + ||Tm (y1, y2)||0 
 
   ≥ ||Tn (y1, y2)||0 
 

  = 
 

 0 1 1 2,
max  ( ,  ) , , d

b

nat a b
G t s f s y y s

   

 

   0 1 1 2 ( ,  ) , , dns I
G t s f s y y s


   

 

    0 1 2 ( ,  ) dns I
G t s y y s s


   

 

   1 2 0,  ( ,  )ns I
y y G t s ds


   
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   1 2,y y , 

 
and so ||T (y1, y2)|| ≥ ||(y1, y2)|| for all (y1, y2) ∈ P ∩ ∂ 1 . 
 
We assume that f1

∞ =  f2∞ =0   
 
Let us define 
 
 g1(r ) = max{ f1(t, y1, y2) : t ∈ [a, b], 0 ≤ y1 + y2 ≤ r }, 
 
 g2(r ) = max{ f2(t, y1, y2) : t ∈ [a, b], 0 ≤ y1 + y2 ≤ r }, 
 
then g1(r ), g2(r ) are increasing functions. By f1

∞ =  f2
∞ = 0, we have 

 

  
 1lim 0

r

g r
r

  , 
 2lim 0

r

g r
r

   

 

so there exists H2 > 0 such that r > H2 > 2H1 and    1 2, ,g r r g r r   where 
 
1

2max ,n m


 

 

 
Let 1  ={(y1, y2) : (y1, y2) ∈ E, ||(y1, y2)|| < H2}. If for  then r = H2 = ||(y1, y2)||, so we have 
 

   
 

 1 2 0 1 1 2,
|| , || max  ( ,  ) , , d

b

n nat a b
T y y G t s f s y y s


   

 

     1 2 ( ,  ) d
b

na
G t s g H s  

 

   2  ( ,  )
b

na
H G t s ds   

 
   2n H   

 

   
 1 22 || , ||

2 2
y yH

   

 
In a similar way, we can easily see that 
 

     1 2
1 2 0

|| , ||
|| , ||

2m

y y
T y y  , 

 
Therefore 
 
 ||T (y1, y2)|| ≤ ||(y1, y2)||,    for all (y1, y2) ∈ P ∩ ∂ 2  
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By part (ii) of Theorem 4.1, T has a fixed point (y1, y2) in  2 1\P   , so that the BVP (1.1) and 
(1.2) has a positive solution (y1, y2) and H1 ≤ ||(y1, y2)|| ≤ H2. Thus, the proof is completed. 
 
Theorem 4.3. Assume that fi satisfies the following conditions: 
 
(i) f1

0 = ∞ or f20 = ∞ and f1∞ = ∞ or f2
∞ = ∞ (or), 

(ii) There exists l > 0 such that, if 0 ≤ y1 ≤ l and 0 ≤ y2 ≤ l, then fi (t, y1, y2) <   l, 
(iii)  

 for i = 1, 2 where 
 
1

2max ,n m


 

 

 
Then, the BVP (1.1) and (1.2) has at least two positive solutions (y1, y2) and  1 2' , 'y y  which belongs 

to P such that 
 

  0 ≤ ||(y1, y2)|| < l < ||   1 2' , 'y y  ||. 
 
Proof.  Since f1

0 = ∞, there is an r ∈ (0, l) such that 
 

  f1(t, y1, y2) ≥ ζ (y1 + y2) 
 

whenever y1 + y2 < r, where ζ > 0 is chosen such that ζ γ 0 ( ,  )d   1n
s I

G t s s


 .   

Let 1  = {(y1, y2) : (y1, y2) ∈ E, || (y1, y2)||< r }, then for (y1, y2) ∈ P ∩ ∂ 1  and t ∈ [a, b], we have 
 ||T (y1, y2)|| = ||Tn (y1, y2)||0 + ||Tm (y1, y2)||0 
 
   1 2 0|| , ||nT y y  

 

  
 

 0 1 1 2,
max  ( ,  ) , , d

b

nat a b
G t s f s y y s


   

 
   0 1 1 2 ( ,  ) , , dn

s I

G t s f s y y s


   

 

    0 1 2 ( ,  ) dn
s I

G t s y y s s


   

 
   1 2 0,  ( ,  )dn

s I

y y G t s s


   

 

   1 2,y y . 

 
Thus, we have 
 
 ||T (y1, y2)|| ≥|| (y1, y2)||,  for all  (y1, y2) ∈ P ∩ ∂ 1 .   (4.1) 
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Now consider (y1, y2) ∈ P with ||(y1, y2)|| = l. From condition (ii), 
 

  
 

 1 2 0 1 1 2,
|| , || max  ( ,  ) , , d

b

n nat a b
T y y G t s f s y y s


    

 

   ( ,  )d
b

na
l G t s s   

 
  n l   

 

  
 1 2,

2 2
y yl

  . 

 
In a similar way, we can easily see that 
 

     1 2
1 2 0

,
|| , ||

2m

y y
T y y  . 

 
Thus, we have 
 
  ||T (y1, y2)|| ≤ ||(y1, y2)||,  for all (y1, y2) ∈ P ∩ ∂ 2   (4.2) 
 

where 2 = {(y1, y2) : (y1, y2) ∈ E, ||(y1, y2)|| < l}. By (ii) of Theorem 4.1, together with (4.1) and (4.2), 
T has a fixed point (y1, y2) in so the BVP (1.1) and (1.2) has a positive solution (y1, y2) and r ≤ ||(y1, y2)|| ≤ l. 
Returning to condition (i), from 1f

   , there exists an H1 > 0 such that f1(t, y1, y2) > N (y1 + y2), where we 
can choose N > 0 such that  
 
  0 ( ,  )d 1.ns I

N G t s s


  

 

Let us define H2 = 2max 2 , Hl


 
 
 

 and 3  = {(y1, y2) : (y1, y2) ∈ E, ||(y1, y2)||<H2}, 

 
then for (y1, y2) ∈ P ∩ ∂ 3  we have 
 
        1 2 1 2 1min ,

t I
y t y t y y H 


    

 
And 
 
  ||T(y1,y2)|| = ||Tn(y1, y2)||0 + ||Tm(y1, y2)||0 
 
         ||Tn(y1, y2)||0 
 

   
 

 0 1 1 2,
max  ( ,  ) , , d

b

nat a b
G t s f s y y s


   
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    0 1 1 2 ( ,  ) , , dns I
G t s f s y y s


   

     0 1 2 ( ,  ) dns I
N G t s y y s s


   

 

    1 2 0,  ( ,  )dns I
N y y G t s s


   

 

    1 2,y y  

 
and so 
 
  ||T (y1, y2)|| ≥ ||(y1, y2)|| for all (y1, y2) ∈ P ∩ ∂ 3 . 
 

Theorem 4.1, together with (4.1) and (4.2), implies that T has a fixed point (y1
’, y2

’) in  2 3\P  

such that  ' '
1 2,l y y   H1. Thus, the proof is completed. 

 
Theorem 4.4. Assume that fi satisfies the following conditions: 
 
(i) 0

1 0f  or 0
2 0f   and  1 0f    or 2 0f    (or) 

(ii) There exists d > 0 such that, if  1d y d    and 2d y d   , then  1 1 2, ,f t y y d  or 

 2 1 2, ,f t y y d . 
 

Then the BVP (1.1) and (1.2) has at least two positive solutions (y1, y2) and (y1
’, y2

’) which belongs to 
P such that 

 
  0 ≤ ||(y1, y2)|| < d < ||(y1

’, y2
’)|| 

 
Proof.  Since f1

0 = 0, there is an r ∈ (0, d) such that 
 
  f1(t, y1, y2) ≤ ∈ (y1 + y2), 
 
 whenever y1 + y2 < r . 
 

Let 1  = {(y1, y2) : (y1, y2) ∈ E, ||(y1, y2)|| < r }, then for (y1, y2) ∈ P ∩ ∂ 1  and t ∈ [a, b], we have 

    
 

   1 2 1 1 2,
, max , , ,

b

n nat a b
T y y t G t s f s y y ds


   

 

     1 2,
b

na
G t s y y ds    

 

   
 

 1 2 ,
max ,

b

n nat a b
y y G t s ds


     

    
  n r   
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2
r

  

 

  
 1 2,

2
y y

  

 

Thus we have    1 2
1 2 0

,
,

2n

y y
T y y   

 

Similarly we can see    1 2
1 2 0

,
,

2m

y y
T y y   

 
Therefore for all (y1, y2) ∈ P ∩ ∂ 1  and t ∈ [a, b], we get 
 
     1 2 1 2, ,T y y y y      (4.3) 
 
Now consider (y1, y2) ∈ P with ||(y1, y2)|| < d. From condition (ii), 
 
 ||T (y1, y2)|| = ||Tn (y1, y2)||0 + ||Tm (y1, y2)||0 

 
         ||Tn (y1, y2)||0 
 

  
 

   0 1 1 2,
max , , ,

b

nat a b
G t s f s y y ds


   

 

     0 1 1 2, ,ns I
G t s f s y y ds


   

 

   0 ,ns I
d G t s ds


   

 

   1 2,d y y  , 

 

and so    1 2 1 2, ,T y y y y . If we define 2 = {(y1, y2)  :  (y1, y2) ∈  E,  1 2, }y y d  

 
then 
 
 ||T (y1, y2)|| ≥ ||(y1, y2)||, for all (y1, y2) ∈ P ∩ ∂ 2 .   (4.4)  
  

Theorem 4.1(ii), together with (4.3) and (4.4) implies that T has a fixed point (y1, y2) in 
 2 1\P    so the BVP (1.1) and (1.2) has a positive solution (y1, y2) and r   ||(y1, y2)||  d. 

Returning to condition (i), we know that for any μ > 0 there exists an M > 0 such that f1(t, y1, y2) ≤ M 
+ μ(y1 + y2) for y1, y2 > 0, and so 
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   
 

   1 2 1 1 2,
, max , , ,

b

n nat a b
T y y t G t s f s y y ds


   

 

      1 2,
b

na
G t s M y y ds    

 

    1 2|| || nM y y     

 

    1 2
1|| ||

2
M y y  


, 

 
And similarly 
 

       1 2 1 2
1|| ||

2mT y y t M y y   


 

 

We choose ∈ > 0 sufficiently small and 
ML 


 sufficiently large, so that for all (y1, y2) ∈ 3,P   

 
  ||T (y1, y2)|| ≤ L = ||(y1, y2)||,      (4.5) 
 

where 3  = {(y1, y2) : (y1, y2) ∈ E, ||(y1, y2)|| < L}. Theorem 4.1, together with (4.4) and (4.5), implies 

that T has a fixed point (y1
’, y2

’) in  2 3\P    and this implies that the BVP (1.1) and (1.2) has a positive 

solution (y1
’, y2

’) which satisfies d  1 2|| ' ' ||y y L    . Thus the proof is completed. 
 
5. EXAMPLE 
Now, we give an example to demonstrate the result. Consider the following system of BVP, 
 

  
   

   

2

1 2

2

1 2

1
2" 2

1 1 2

1
3" 2

2 1 2

2 0, 0,1

2 0, 0,1

y y

y y

y y y e t

y y y e t

    
 

    
 


    



   

   (5.1) 

 
subject to the two-point boundary conditions 
 

  
   
     

'
1 1

' '
2 2 2

0 0 1 ,

0 0 1 0

y y

y y y

  


  
      (5.2) 

 
From Theorem 4.2, the BVP (5.1) and (5.2) has at least one positive solution. 
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