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POSITIVE SOLUTIONS FOR A SYSTEM OF HIGHER
ORDER MULTIPOINT POINT BOUNDARY VALUE
PROBLEMS

Ms. Deepal

ABSTRACT :

I presented some results for positive solutions of a system of higher-order non-linear ordinary
differential equations, subject to multi-point boundary conditions and also established the existence of at least
one and two positive solutions for the system of higher order boundary value problem by using the
Krasnosel skii fixed point theorem.
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1. INTRODUCTION

Boundary value problems (BVPs) respresent a important role in many fields of engineering design
and manufacturing. Most of established industries such as the automobile, aerospace, chemical,
pharmaceutical, petroleum, electronics and communications, as well as emerg-ing technologies such as
nanotechnology and biotechnology rely on the BVPs to simulate complex phenomena at different scales for
design and manufactures of high-technology products. In these applied settings, positive solutions are
meaningful [1,9,13,21]. Due to their important role in both theory and applications, the BVPs have generated
a great deal of interest in recent years.

It should be pointed out that Eloe and Henderson [6] discussed the boundary value problem

W™ () + a() f (u(t) =0, 0<z<1,
u™0)=u"?1)=0, 0<i<n-2

By using Krasnoselskii’s fixed point theorem, the existence of solutions are obtained in the case
when, either fis superlinear, or fis sublinear. Yang and Sun [22] considered the boundary value problem of
the system of equations

—u—=f(tv), ~Vv-=g(t u, u(0)=u(1l) =0, v0)=v1)=0

By appealing to the degree theory, the existence of solutions are established. Note that, there is only
one differential equation in [6] and the BVP in [22] contains simple boundary conditions.
In this paper, we shall consider the nonlinear system of differential equations,s
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y e+ f (4,,5,)=0, te|a,b]

(1.1)
A+ £ (631,2,) =0, te[ab]
satisfying the two-point boundary conditions
yf”(a):o, 0<i<m-2,
wW(b)=0, (1<p<m-1, butfixed),
(1.2)

0, 0<j<n-2,
¥ (b)=0, (1<g<n-1, but fixed),

where m, n>2, and f; : [a, b] x 0 > — [ fori=1, 2 are continuous.

By using the cone theory techniques, we establish some sufficient conditions for the existence results
of positive solutions to the BVP (1.1) and (1.2). The rest of the paper is organized as follows. In Section 2, we
prove some inequalities for Green’s function, which are needed later. In Section 3, we obtain the existence of
a solution for the BVP (1.1) and (1.2), due to Schauder fixed point theorem. Criteria for the existence of one
and two positive solutions of the BVP (1.1) and (1.2) are established in Section 4, using the Guo-—
Krasnosel’skii fixed point theorem.

2. The Green’s function and bounds

In this section, we construct the Green’s function for the homogeneous boundary value problem
corresponding to the BVP (1.1) and (1.2) by using Cauchy function concept. And then we prove some
inequalities on bounds of the Green’s function which are needed later.

To obtain a solution y(2) = (vi(?), y2(t)) of the BVP (1.1) and (1.2), we let G, (¢, s), (I > 2) be the
Green’s function for the boundary value problem,

_y(z) 0, te [a,b] (2.1
W(a)=0, 0<i<i-2, 2.2)
A (B)=0, 1< j, <11, but fixed. (2.3)

Using the Cauchy function concept G (%, s) is given by

(t—ar)l_1 (b—sl)/_.j'_1 <y
[-1)(b—a) "’ ’
G, (t’S) - ( )/-g ) I-j-1 -1
(t—a) (b—s).' _(t—S) i<y
(1-D(b=-a)™"  (1-1)!°
Lemma 2.1. For (t, s) € [a, b] X [a, b], we have
G, (t, S) <@ (b, S). (24)

Proof. Fora<t<s<b,wehave
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G, (t,5)= (t=a)" (b=s5)""

(1-1)(b-a) "

< (b- a)l_1 (b- s)lfj'_1
(1-1)!(h—a) ™"
= G[(b,S).

Similarly, for a <s <t < b, we have
G (t s) <Gy (b, s).
Thus, we have

Gt s) <G (b, s), for all (t, s) € [a, b] x [a, D]

Lemma 2.2. Let I = rmib , a Z%} .For (¢, 5) € Ix [a, b], we have

1
Gl(l‘,S)Z?GI (b,S). (25)

-

Proof. The Green’s function G; (t, s) for the BVP (2.1) and (2.3) clearly satisfies that
G (t, s) >0on (a b) % (a, b).

Fora<t<s<bandt€ I, wehave

G, (1,5) _(t—ajl_l

G, (b,s) \b-a

1
>

Z

Similarly, fora <s<< bandt € [ we have

G(ts) _ (1=a) (b=s) " ~(1=5) (b=a) "~

G (b.s) (b—a) (b-s)" " —(b=s)" (b-a) "

(t=a) "™ (b=5)"" = (1=a)" (t-5)"]

(b- a)H (b- S)l_jl_l —(b- S)H (b- a)l’f"l

v
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L(fj
Ji b—a

-1
*57%)
Ji\b—a

>_1
A"
Therefore
1
G,(t,S)Z?G, (b,s), for (t,s) € Ix[a, b].
-

Remark 2.1.

G,(t s)>yG, (b s)and G, (t, 5) >y G, (b, s),

. 1 1
for all (z, s) € I x [a, b], where y =min {———,——
g4 p4a"

3. EXISTENCE OF SOLUTION

In this section, we impose growth conditions on f; and f; which allows us to apply the Schauder fixed
point theorem to establish an existence result for solution of the BVP (1.1)and (1.2).

Let E = {y : y € C[a, b]} with the norm ||y||p = max,er,»{{¥(®)|}. Let B=E x E and for (3, ») € B, we
denote the norm by ||(31, )|l = |1llo + |v2llo, then B is a Banach space.
Let us take

emzma)c]Ime(t,s)ds and enzmaXIbGn(t,s)ds

te[a,b te[a,b] a

Theorem 3.1. Assume that the functions fi(t, y;, y2) for i = 1, 2 are continuous with respect to (y;, y;) €U . If
M satisfies.

O<Me

1
Where €= — and Q > 0 satisfies
2max(€,,€,)

Q0> max {|f1 (t,yl,y2)|,|f2 (f,ypyz)|:te[a,b]}

H()’h)’z )HSM
then the BVP (1.1) and (1.2) has a solution.

Proof. Let P= {(y, ¥2) € B: ||(y1, 2)|| < M}. Note that P is a closed, bounded and convex subset of B
to which the Schauder fixed point theorem is applicable.
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Define T: P — B by
b b
T(y,»,)(1)= (L G, (6,5) /(8,3 3,)ds, L G,(t,s) f, (s,yl,yz)ds,)

Z(Tm (y.2:)(1).7, (yl,yz)(t)),

for ¢ € [a, b]. Obviously the solution of the BVP (1.1) and (1.2) is the fixed point of operator T'. It can
be shown that 7 : P — B is continuous.

We claim that 7: P — P. Let (31, ») € P. By using Lemma 2.1, we get

1T n v = 1T 1, yIllo + 1 Tw 1, y2) o

maX‘Tm ()’17)’2)“{3% T, ()’17)’2 )‘

te[a,b]

S(em +en)Q

IA
m

Where

Q0> max {|f1 (t,yl,y2)|,|f2 (f,ypyz)|:te[a,b]}

H(J’l Y2 )HSM

Thus we have

||T(y1,y2)||é M,

where M satisfies Q < Me.

It can be shown that 7 : P — P is a compact operator by the Arzela-Ascoli theorem. Hence 7 has a
fixed point in P by the Schauder fixed point theorem.

Therefore the BVP (1.1) and (1.2) has a solution.

Theorem 3.2. If the functions f; (t, yi, 2), for i = 1, 2 are continuous and bounded on [a, b] x [ 2, then the
BVP (1.1) and (1.2) has a solution.

Proof. Since the function f (7, y1, y) is bounded, it has a supremum for ¢ € [a, b] and (y1, y») € *. Let us
choose P > sup{| fi(t, y1, V)| | fa(t, 1, ¥2)| : t € [a, b]}. Pick M large enough such that

P<eM,

1
where €= ————— . Then there is a number Q > 0 such that P> Q, where
2max(€,,,€,)

Q0> max {|f1 (t,yl,y2)|,|f2 (f,ypyz)|:te[a,b]}

H(J’l Y2 )HSM
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Hence

1 M M
—_—< —< —

e P O
and thus the BVP (1.1) and (1.2) has a solution by Theorem 3.1.

4. EXISTENCE OF POSITIVE SOLUTIONS
In this section, we consider the existence of at least one and two positive solutions for the system of

BVP (1.1) and (1.2). We also assume throughout this section that /i : [a, b] x > — [0, o) are continuous
and

f'= lim PACRS)] £7= lim Slty)
i N+y,—0 yl + y2 i Yi+y, o0 yl + y2

exist.
To prove the existence of at least one and two positive solutions of the BVP (1.1) and (1.2), we will
use the following theorem which can be found in Krasnoselskii’s book [18] and in Deimling’s book [5].

Theorem 4.1. Let B be a Banach space, P S B be a cone, and suppose that €,,€2, are open subsets of B with

0€Q, and Q Q. . Suppose further that T : P Q\Q )P is completely continuous operator such
1 1 2 2 V59

that either.
() || Tu[<llull,u e P0€, and | Tu | ull, ueP0CQ,,
(i) ||Tu|>|ull,uePNOQ, and || Tu||<||ul|, uePNoQ,

Holds. Then T has a fixed point in P|) (52 \Q1)

Theorem 4.2. The BVP (1.1) and (1.2) has at least one positive solution in the case

(i) fi"= £ =0andf;” = or f,” = o (or) (superlinear),
(i) i*= £°=0and f;’ =0 or ;" = o (sublinear).

Proof. We consider the Banach space B = FE x E where E ={y: yeC [a,b]} with the norm

5], = max, ., {| y(t)|} and for (yi, y2) € B, we denote the norm by ||(y1, y2)|| = [[y1]|0 + [[y2]|0. Then define
a cone P in B by

P={(yl,yz)eB:yl(t)ZO,yz(t)ZO and ntlgx(y1 (t)+y2(t))

>7](3.0)|}

For convenience, we denote

T, (3:2:)(0) =[G, (1:5) £ (5,31, ) s
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b
T, (3:3,)(6) =] G, (6:5) £ (5,313, ) ds,
for ¢ € [a, b] and the operator

T (v, )@ = (T, (v, )0, T (1, YI)(1)).
We now show that 7: P — P.

First note that (4, y») € P implies that T, (1, y2)(t) = 0 and T, (v1, ¥2)(¢) = 0 on [a, b] and

r?eiln(n (y.3:)(1)+T, (yl,yz)(t))
= rﬂi}l(J.;Gn (t,s) 1(s,yl,yz)aferJ.:Gm (t,s)f1 (s,yl,yz)ds)

b
> min
}/ a te[a,b]

G, (t,s)lf1 (8, %1,9,)ds + +y " min |Gm (I,S)lf2 (8,%,,)ds

a te[a,b]

T, (o), + 7T ()l

=7[r (.2

Also

IT 60302 [ Gow, ) fits v yods+ [ Gu (o, 9 s, 1, yds

2V 1T v y)llo + 7 1T (1, y2)llo

=y T 1, ¥l
Hence T (31, y,) € P and so T : P — P which is what we want to prove. Therefore 7 is completely continuous.
(i) Since f;’ =" =0, there exists A, > 0 so that
Jilt, y, y2) <€ty i=12

1

Whenever y;+y, < H;, where e= ———
2 max {cn »C,, }

Let €, = {1, 2) : (1, ¥2) €EE, ||(»1, y2)|| < H}. Then for (1, y,) € PN 0 €, and ¢ € [a, b], we have

T, 01 390 = [ G, (6, 5) £i(5, 31, :)ds

b
<['G, (t, 5) €+ y,)ds
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<e H, max ['G, @ s)ds

te[a,b

=eH €,

Thus we have ”Tn (715 )” 0<

()]

2

Similarly |7, (»,,3,)[0<

Therefore for all (y,,y,)e P06, and 7 €[a,b], we get

|7 o) =7 (91232)- T (3122

T,(v.3,)|, + |7 )|, <[220

Further since f;” = oo, there exists H, > 0so that f; (t,yl,y2 ) > (y1 + yz) whenever y,+y,> H,
where § >0 is chosen such that

Cy I G, (ty,5)ds>1

sel

If we define H, = max{2Hl,%} and Q, ={(yl,yz):(yl,yz)eE,||(y1 +,)I< Hz},

then for (y1, y,) € PN 6 Q,, we have

min{y, 1)+, (0)} 27 |(9,.0,)| = v, 2 H,
And

1T o1, I = 11T0 1, vl + 1T 01, ¥ o

2T 1, ¥l
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I:G" (ZO’ S)fl(S, Y1 yz)dS

= min
te[a,b]

= -Le[ Gn (tO’ S)ﬁ(s’ yl’ y2)ds

>¢[ G, (tyy $) (3 + 3,)(s)ds
>¢y|(vom )]G, (s 9)ds

2|32 = 2
and so | (v, vl 2 I, o)l forall (v, ) € PN 2 Q.

Consequently, by part (i) of Theorem 4.1, it follows that 7 has a fixed point (y, y,) in P() (f_lz \Q1)

and this implies that the BVP (1.1) and (1.2) has a positive solution (v, y»)
which satisfies H, < ||(y1, »2)|| £ Ha.

(ii) Since f;" = oo, there exists H, > 0 so that

St yuy) =1 T ),

Whenever y; +y, < H;, where {>0 is chosen such that

&y [ G, (1, $)ds 2 1

sel

Let Ql = {()/1, y2) . ()/1, y2) € E, ||(y1, y2)|| < Hl}, then for ()/1, yz) EPN an andt € [a, b],
we have

IT 3, v = 110 1, Yo + 1T 01, y2) o

2T, 1, ¥l

= max
te[a,b]

b
[ G, o )1, (5:31,7:)ds

> [ G, (ty 9)f,(5:7,3,)ds
>¢[ G, (4, $) (3 +3,)(s)ds

>¢r|(vom)|[ G, @ 9)ds
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2”()’1’)’2)

’

and so |7 (y1, )| Z |1, y)|| for all (1, y) € PN O €.
We assume that /1° = £ =0
Let us define

gi(r)=max{ fi(t, yi, y2) 1 1€ [a b 0<yi +y, <7},

&(r)=max{ fi(t, y1, y») : 1€ [a, b], 0<y +y, <7},

then gi(r ), g»(r ) are increasing functions. By fi” = £,” = 0, we have

limzmzo, tim = &2(7) _

F—>0 Va r—>0 Va

1

so there exists H, > 0 such thatr > H, > 2H, and g, (r) <er,g, (r) <er, where e= 5 ( )
max (e, ,€,,

Let Q, ={(», y2) : (1, ) € E, ||, y2)|| < Ha}. If for then r = Ha = ||(y1, y2)||, so we have

/G, 15,3100,

T, (ynyz) ||0=g%23)(]

<['G, (t. )g,(H,)ds

b
<eH, j G, (t, s)ds

<geH,
Hy _l(n3)
2 2

In a similar way, we can easily see that

||Tm(y1,y2)||os”(y“—2y2)”,

Therefore

IT (v vl <l p2)ll - forall (3, y2) € P N0,

Available online at www.lbp.world

10



POSITIVE SOLUTIONS FOR A SYSTEM OF HIGHER ORDER MULTIPOINT .... VOLUME - 4| ISSUE - 12 | JULY- 2017

By part (ii) of Theorem 4.1, T has a fixed point (y;, y») in P() (5_22 \Q1) , so that the BVP (1.1) and
(1.2) has a positive solution (y,, y,) and H, < ||(v1, y2)|| £ H,. Thus, the proof is completed.

Theorem 4.3. Assume that f; satisfies the following conditions:

() fi'=wor ) =0 and fi* = o or " = w0 (or),
(ii) There exists [ > 0 such that, if 0 <y <land 0 <y, <[, then f; (t, y1, y») < € |,
(iii)
. 1

fori=1, 2 where €=
2max{€,,€, }

Then, the BVP (1.1) and (1.2) has at least two positive solutions (y1, y2) and (y'l,y'z) which belongs
to P such that

0< oyl <<l (¥'.04) Il
Proof. Since f;° = oo, there is an r € (0, [) such that
it yuy) =201+ 3)

whenever y, + y, < r, where {> 0 is chosen such that {'y I G, (t,, s)ds = 1.

sel

Let Q, = {1, y2) : (1, ¥2)) EE, || (1, W< r }, then for (v, y,) € PN 0 €, and t € [a, b], we have
T n I =T 31, YIllo + 1T 01, ¥ llo

[T, (J’pyz) o

b
J.a Gn (toa S)ﬁ (SaylayZ)dS

=max
te[a,b]

> J. G, (t, S)fl(s’yl’yz)ds

sel

>¢ [ G, (1, 9) (v +2)(5)ds

sel

>y (33| [ G, (2 9)ds

sel

2|72

Thus, we have

IT (1. v 2l 1, po)ll, for all (y1, y2) € PN O €Y. 4.1)
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Now consider (31, y») € P with ||(31, )| = I. From condition (ii),

LbGn (t, )£, (5,2, 9, ) ds

2[| T, (ylayz)Ho: gi%(]

In a similar way, we can easily see that

1T, (ylayz) HOSM'

Thus, we have
IT (1, I < (|31, y2)ll, for all (1, y2) € PN O €, (4.2)

where Q,= {(y1, y2) : (1, o) EE, ||(y1, )| < [}. By (ii) of Theorem 4.1, together with (4.1) and (4.2),
T has a fixed point (31, )») in so the BVP (1.1) and (1.2) has a positive solution (31, y,) and r < ||(31, W)|| < L.
Returning to condition (i), from f,” = oo, there exists an H; > 0 such that fi(z, y1, y») > N (v, + y,), where we
can choose N > 0 such that

Ny jl G (1, s)ds>1.

H
Let us define H, - max{2l,—2} and Q; = {(v1, y2) : (), y2) €EE, ||(v1, yo)I[<Ha},
4

then for (), y,) € P N 02, we have

min{y, (£)+ v, ()} 2 7|(v3,)|| = 74,

tel

And

NTLy )l = NTun y2)|lo + w1, 2|10

2 |, y)llo

=max
te[a,b]

b
J.a Gn (toﬂ S)ﬁ (S:ylayZ)dS
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Z.LaGn (ty, $) (S’yl’yZ)dS
>N[ G, (1, $)(3,+3,)(s)ds

> Ny|(so )], G (s 9)ds

>[5
and so

IT (1, y2) = 3, yo)|| for all (1, yo) € PN 9€Y.

Theorem 4.1, together with (4.1) and (4.2), implies that 7 has a fixed point (y;, y») in P) (5_22 \Q3)
such that /< (31, })

< H,. Thus, the proof is completed.

Theorem 4.4. Assume that f; satisfies the following conditions:

(i) f£"=0or £)=0and £”=0or £,°=0 (or)
(i) There exists d > 0 such that, if yd<y <d and yd<y,<d, then f (t, yl,yz) >yd or

f(ty,y,)2vd .

Then the BVP (1.1) and (1.2) has at least two positive solutions (v, y») and (y1, y>) which belongs to
P such that

0 <l I <d < |1, )l

Proof. Since f;° =0, there is an € (0, d) such that
Jit, 1 y2) SE€E (1 + ),
whenever y; +y, <r.
Let €, = {1, y2) : (1, y2) € E, ||(y1, y2)|| <}, then for (v, y,) €PN O, and ¢ € [a, b], we have

J.bG" (t,S)fl(S,yl,yz)dS

a

T, (»3,)(1) = max

{a]

SIbGn (t,s)€(y, +y,)ds

a

=¢,e(y, +y2)maxIbG (t,5)ds

te[a,b] a n

<eg,er
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<r
2
_[Gro2))
2
Thus we have ”Tn (yvyz )”0 < ”(ynzyz )”
|3

Similarly we can see ”Tm (yl,y2 )”0 < >

Therefore for all (yy, y,) € PN 0Q, and ¢ € [a, b], we get

[7 (o) <32

Now consider (3, y,) € P with ||(1, )| < d. From condition (ii),

T 3, v = I1T0 1, Yo + 1T 01, y2)lo

2 T, (1, ¥l

= max
te[a,b]

b
J.a G” (tO’S)ﬁ (Saypyz)dS

2[ G, (1s5) fi (s, +,)ds

sel

> }/d_“sel G, (t,,s)ds

Zd=||(y1,y2)

’

(4.3)

and so ”T(yl,y2 )” > ”(yl,y2 )” If we define Q= {(y1, y2) : (v, y)) € E, ”(yl,y2 )” <d}

then

1T G, )| = l(1, »2)ll, for all (v, y2) € PN 0L, .

(4.4)

Theorem 4.1(ii), together with (4.3) and (4.4) implies that 7 has a fixed point (y;, »») in
PN(Q,\9Q,) sothe BVP (1.1)and (1.2) has a positive solution (yi, y2) and r < [[(y1, y2)|| <d.
Returning to condition (i), we know that for any ¢ > 0 there exists an M > 0 such that fi(%, yi, y)) <M

+,u(yl +y2) fOI'yl, » > 0, and so
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T, (v, »,)(t) = max

te[a,b]

J-bGn(l,S)]{l(S,y“yz)dS

a

S_‘.:Gn(t,s){MJru(y1 +y2)}ds

<M +ul|(n+3,)ll} €,

|
S{M+u||(y1+y2)ll}z,

And similarly

T, (4 7)) <Ml (3 0,)

M
We choose € > 0 sufficiently small and L >— sufficiently large, so that for all (y;, y») € P(10Q,,
€

IT (i, I = L=, y2)ll (4.5)

where Q; = {1, y2) : (1, ¥2) EE, ||(»1, »)|| < L}. Theorem 4.1, together with (4.4) and (4.5), implies
that T has a fixed point (v, , y,) in P (5_22 \Q3) and this implies that the BVP (1.1) and (1.2) has a positive
solution (3, y,) which satisfies d<|| (y',+ ", )|I< L . Thus the proof is completed.

5. EXAMPLE
Now, we give an example to demonstrate the result. Consider the following system of BVP,

(a1

s2nene " 2o, efon o
Lo 1) '

y;+2(y1+y2)3e [yl ’ 2j =0, r€[0,1]

subject to the two-point boundary conditions
0)=0=y,(1),
{yl( ) | »(1) | 52)
$2(0)=y,(0)=y,(1)=0

From Theorem 4.2, the BVP (5.1) and (5.2) has at least one positive solution.
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